ABSTRACT. The colored Jones polynomial is a q-polynomial invariant of links colored by irreducible representations of a simple Lie algebra. A q-series called a tail is obtained as the limit of the sl 2 colored Jones polynomials {Jn(K; q)}n for some link K, for example, an alternating link. For the sl 3 colored Jones polynomials, the existence of a tail is unknown. We give two explicit formulas of the tail of the sl 3 colored Jones polynomials colored by (n, 0) for the (2, 2m)-torus link. These two expressions of the tail provide an identity of q-series. This is a knot-theoretical generalization of the Andrews-Gordon identities for the Ramanujan false theta function.
INTRODUCTION
The Rogers-Ramanujan identities were first discovered and proved by Rogers [19] . After that, these identities appeared in Ramanujan's first letter to Hardy without proof. To this day, the Rogers-Ramanujan identities have been generalized by many people and have been proved in many ways. One of these generalizations is the Andrews-Gordon identities. is Ramanujan's general theta function (see, for example, [2] ).
In knot theory, the Andrews-Gordon identities appear through the (sl 2 ) colored Jones polynomial. The colored Jones polynomial is a q-polynomial invariant of knots and links. Dasbach and Lin showed the stability of some coefficients of the colored Jones polynomials for alternating knots in [6, 7] . They conjectured that the k-th coefficient of the n + 1 dimensional colored Jones polynomial J n (K; q) for an alternating knot K coincides up to sign for n ≥ k. This suggests the existence of q-series ∞ k=0 a k q k for an alternating link K called the tail. The coefficient a k is given by the k-th coefficient of J n (K; q) with n ≥ k. Armond [3] proved the existence of tails for adequate links, in particular for alternating knots. Independently, for alternating knots, Garoufalidis and Lê [8] showed a more general stability of coefficients of J n (K; q). In [5] , Armond and Dasbach showed two explicit formulas for the tails of the colored Jones polynomial for the (2, 2m + 1)-torus knot. These two formulas conclude the left-and right-hand side of the AndrewsGordon identities for the Ramanujan theta function. They used the formula for the colored Jones polynomial of the (2, 2m + 1)-torus knot in [16] and obtained by the method of Armond [4] . Hajij [10] also showed the Andrews-Gordon identities for the Ramanujan theta function and the Ramanujan false theta function using two expressions of the tail of the (2, 2m + 1)-torus knot and the (2, 2m)-torus link, respectively. , where m > 1 and
is Ramanujan's general false theta function (see, for example, [15] ).
He used formulas for the colored Jones polynomial obtained by using a colored trivalent graph representation of the Kauffman bracket skein elements (see, for example, [12] ) and the Kauffman bracket bubble skein expansion formula in [9] .
The main subject of this paper is the tail of the colored sl 3 Jones polynomials for the (2, 2m)-torus link. The existence of tails of the sl 3 colored Jones polynomials for any class of knots and links is unknown. Moreover, there is no example of an explicit formula for a tail of the sl 3 colored Jones polynomial. We will give two explicit formulas of "the sl 3 tail" for the (2, 2m)-torus link. As the result, the following q-series identity holds.
Theorem 4.3.
The right-hand side of the above identity is obtained from the full twist formula in [21] . The left-hand side is obtained by using of colored trivalent graph presentation of A 2 webs.
The paper is organized as follows. We first review definitions and formulas related to the A 2 web space in section 2. The A 2 web space is a generalization of the Kauffman bracket skein module. In section 3, we introduce a method to represent some types of A 2 webs using colored trivalent graphs. Furthermore, we give values of some θ-graphs and quantum 6j symbols. As an application, we explicitly give the sl 3 colored Jones polynomial for a 2-bridge link. In section 4, we derive two q-series, that is "the sl 3 tails", by using explicit formulas for the sl 3 colored Jones polynomial for the (2, 2m)-torus link in section 3 and in [21] .
2. THE A 2 WEB SPACE AND SOME FORMULAS The skein theory has been developed with a quantum representation of Lie algebra g. If g = sl 2 , the skein theory consists of the Kauffman bracket skein module, which is called the Temperley-Lieb algebra and the A 1 web space, and the Kauffman bracket. Kuperberg constructed the skein theory for Lie algebras of rank 2 in [13, 14] . In this section, we review definitions of the A 2 web space, the A 2 bracket and the A 2 clasp.
Let ε = (ε 1 , ε 2 , . . . , ε m ) be an m-tuple of signs + or −. Let D ε denote the unit disk with signed marked points {exp(2π
. . , m} on its boundary. The sign of exp(2π √ −1/m) j−1 is given by ε j for j = 1, 2, . . . , m. A bipartite uni-trivalent graph G is a directed graph such that each vertex is either trivalent or univalent and the vertices are divided into the sinks and the sources. A sink (resp. source) is a vertex such that all edges adjoining to the vertex point into (resp. away from) it. A bipartite trivalent graph G in D ε is an embedding of a uni-trivalent graph into D ε such that any vertex v has the following neighborhoods: 
The A 2 web space W ε is the Q(q Tangled trivalent graphs in D ε are regular isotopy classes of tangled trivalent graph diagrams in D ε . We denote T ε the set of tangled trivalent graphs in D ε .
Definition 2.1 (The
is a quantum integer.
We remark that this map is invariant under the Reidemeister moves for tangled trivalent graphs.
We next consider the A 2 web space W n + +n − = W (+,+,...,+,−,−,...,−) whose first n marked points are decorated with + and next n marked points are decorated with −. We define A 2 clasps n ∈ W n + +n − inductively by the following.
Definition 2.2. (The
A 2 clasps have the following properties.
Lemma 2.3 (Properties of A 2 clasps). For any positive integer n,
We also define the A 2 clasp of type (n, m) according to Ohtsuki and Yamada [17] . We review some formulas for clasped A 2 web spaces in [21] . We define a q-Pochhammer symbol as
We abbreviate it as (q) k . A q-binomial coefficient is defined by
If k > n, we define it by 0. We also define a q-multinomial coefficient as
where n 1 , n 2 , . . . , n m are non-negative integers such that n 1 + n 2 + · · · + n m = n. Theorem 2.6 (The m full twists formula [21] ). 
TRIVALENT GRAPHS FOR CLASPED A 2 WEB SPACES
For the Kauffman bracket skein module, a method for representing its elements by colored trivalent graphs is well known. Formulas related to colored trivalent graphs play a very important role in defining the quantum SU (2) invariants for 3-manifolds and the quantum representations for mapping class groups of surfaces, etc. (See, for example, Kauffman and Lins [12] , Turaev and Viro [20] and Roberts [18] .) In this section, we represent a certain clasped A 2 web space by using colored trivalent graphs and give some formulas. We use the following notations:
where m, n are any non-negative integers and 0 ≤ i, j ≤ n.
Lemma 3.2.
( , (j, j) ).
Proof. We only show (2) and (3). The first equation of (2) is obtained by expanding the double-lined edge using Definition 2.4. θ(n, n, (i, i)) is also represented by a colored graph n n i 3 . This clasped A 2 web has a bubble skein element colored by n − i and we use Theorem 2.7. Thus, we obtain the second equation of (2). The proof of (3) is obtained by using Definition 2.4 and Theorem 2.7. We expand a double-lined edge colored by s. Then, the clasped A 2 web appearing in each term has two bubble skein elements. Finally, θ(n, n, (j, j)) is obtained by expanding one of these bubble skein elements. 
Lemma 3.7. Proof of Theorem 3.6.
This equation is derived from Proposition 3.4, Lemma 3.7 and n n (i k , i k ) n n (0, 0) =
. By Proposition 3.4 and Lemma 3.3,
First, we apply (3.1) to boxed 2a k for all 0 ≤ k ≤ l of the two bridge link diagram. Next, we repeatedly apply (3.2) to the leftmost doubled edge. Finally, we obtain θ(n, n, (i l , i l )).
THE TAIL OF THE sl 3 COLORED JONES POLYNOMIAL FOR T (2, 2m)
We discuss a stability of coefficients of the sl 3 colored Jones polynomial for the torus link T (2, 2m) in this section for positive integer m. Two explicit formulas of J sl3 (n,0) (T (2, 2m) ) are obtained from Theorem 3.6 and [21, Theorem 5.7] because T (2, 2m) has a presentation [2m] as a 2-bridge link. We write these two formulas below. Let m be a positive integer.
From Theorem 3.6,
.
We can see that the minimum degree of J sl3 (n,0) (T (2, 2m)) is q The following lemma ensures the existence of the limit.
Proof. It is clear from the expression of Ψ (m) n+1 (q).
We explicitly give the limit of {Ψ (m) n (q)} n and {G (m) n } n . First, we can easily obtain the following:
Next, we consider the limit of {G
In a similar way, we obtain
. Form the above, we conclude that the limit of {G
Consequently, we have the following identity of q-series.
The above identity is a knot-theoretical generalization of the Andrews-Gordon identities for the Ramanujan false theta function. 
